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THE p-ADIC RIEMANN HYPOTHESIS FOR
EXPONENTIAL SUMS
CHUNLEI LIU AND CHUANZE NIU
Abstract. Let n and d be positive integers, h0, h1, · · · , hnd the Hodge
numbers of the simplex
{(u1, u2, · · · , un) | u1 + u2 + · · ·+ un ≤ d, u1, u2, · · · , un > 0},
and HP(n, d; p) the associated Hodge polygon. Let p be a prime number
not dividing d. We find an explicit nonnegative decomposition of Hodge
numbers depending on p:
hj = hj,0 + hj,1, j = 0, 1, · · · , nd.
Let FP(n, d; p) be the concave polygon on the right half plane with initial
point (0, 0) whose slope set is the multiset
nd⋃
j=0
⋃
ǫ=0,1
hj,ǫ{
1
p− 1
(⌈
(p − 1)j
d
⌉ − ǫ)}.
Let f(x) be the generic polynomial of degree d in n variables with co-
efficients in Fp, Lf (s) the L-function of exponential sums associated to f ,
and NP(n, d; p) the Newton polygon of Lf (s)
(−1)n−1 . As an improvement of
Sperber’s Hodge bound, we prove that, if p is large enough, then
NP(n, d; p) ≥ FP(n, d; p) ≥ HP(n, d; p).
We conjecture that, if p is large enough, then
NP(n, d; p) = FP(n, d; p).
In this paper we prove that conjecture when n = 2 and p ≡ −1(mod d).
Key words: Newton polygon, exponential sum, finite field
MSC2000: 11L07, 14F30
1. Introduction
Let p be a fixed prime number, and let ζp be a primitive p-root of unity.
Let n and d be fixed positive integers such that p ∤ d, and let
f(x) =
∑
u1+u2+···+un≤d
aux
u1
1 · · · x
un
n
The second author is supported by Shandong Prov. NSF No. ZR2019BA011 and by
NNSFC No. 11401285.
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be a polynomial of degree d with coefficients in the algebraic closure of Fp.
Let Fq be the extension of Fp generated by the coefficients of f , let
Sf (k) =
∑
x∈(F
qk
)n
ζ
TrF
qk
/Fp(f(x))
p , k = 1, 2, · · ·
be the exponential sums associated to f , and let
Lf (s) = exp
(
∞∑
k=1
Sf (k)
sk
k
)
be the L-function of exponential sums associated to f .
It is known that Lf (s) is a rational function in s. The archimedean
absolute values of its reciprocal zeros and poles are of the form q
j
2 with
j = 1, 2, · · · , 2n. However, when the leading form of f is smooth, Deligne
[1974] proved that Lf (s)
(−1)n−1 is a polynomial of degree (d − 1)n whose
reciprocal zeros are of archimedean absolute value q
n
2 .
Note that
Sf (k) =
∑
x∈(F
qk
)n
(1 + (ζp − 1))
TrF
qk
/Fp (f(x)) ∈ Z[ζp − 1], k = 1, 2, · · · .
It follows that
(1.1) Lf (s) = exp
(
∞∑
k=1
Sf (k)
sk
k
)
∈ Qp(ζp)[[s]].
So it is interesting to know the p-adic absolute values of the reciprocal zeros
and poles of Lf (s)
(−1)n−1 . These p-adic absolute values are more subtle
and mysterious, and are often encoded into a concave polygon on the coor-
dinate plane. Usually, we called this polygon the q-adic Newton polygon of
Lf (s)
(−1)n−1 , and denote it as NP(f). When Lf (s)
(−1)n−1 is a polynomial,
NP(f) is a concave polygon with initial point (0, 0) whose slopes, counting
multiplicities, are the q-adic order of the reciprocal zeros of Lf (s)
(−1)n−1 .
The polygon NP(f), though subtle and mysterious, is believed to be con-
trolled by simple geometric invariants. In this circumstances, Hodge num-
bers show up.
Definition 1.1. The Hodge numbers h0, h1, · · · , hnd are defined by the for-
mula
hj =
d−1∑
u1,··· ,un=1
u1+···+un=j
1, j = 0, 1, · · · , nd.
The Hodge numbers are symmetric in the sense that
(1.2) hnd−j = hj, j = 0, 1, · · · , nd.
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They are of admissible length in the sense that
(1.3)
nd∑
j=0
hj = (d− 1)
n.
Hodge numbers serve as multiplicities of Hodge slopes which are defined as
follows.
Definition 1.2. The Hodge slope set is the multiset
HS(n, d) =
nd⋃
j=0
hj{
j
d
}.
The Hodge slope set is of admissible height in the sense that
(1.4)
∑
λ∈HS(n,d)
λ =
n
2
· (d− 1)n.
Hodge slope set is used to define the Hodge polygon.
Definition 1.3. The Hodge polygon HP(n, d) is the concave polygon on the
right half plane with initial point (0, 0) and slope set HS(n, d).
By the admissibility of Hodge numbers and Hodge slopes, the Hodge
polygon HP(n, d) has end point ((d− 1)n, n2 · (d− 1)
n). By the symmetry of
Hodge numbers, HP(n, d) is symmetric in the sense that the multiplicity of
slope λ is equal to the multiplicity of slope n− λ.
Sperber [1986] proved the following theorem, which was then generalized
to more general exponential sums by Adolphson and Sperber [1987; 1989].
Theorem 1.4 (Hodge bound). If the leading form of f is smooth, then
NP(f) ≥ HP(n, d)
with coincide endpoints.
In general, it is very difficult to determine NP(f). However, it is challeng-
ing to describe NP(f) in terms of geometric invariants when f is the generic
polynomial of degree d in n variables with coefficients in the algebraic closure
of Fp. This leads to the following definition.
Definition 1.5. If f is the generic polynomial of degree d in n variables
with coefficients in the algebraic closure of Fp, then by Grothendieck’s spe-
cialization lemma, the polygon NP(f) is independent of f , and is denoted
as NP(n, d; p).
Combined with a result of [Gelfand et al. 1994], Sperber’s Hodge bound
can be restated as follows.
Theorem 1.6 (Hodge bound). If p is sufficiently large, then
NP(n, d; p) ≥ HP(n, d)
with coincide endpoints.
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Combined with Grothendieck’s specialization lemma, Stickelberger’s the-
orem gives the following.
Theorem 1.7 (Stickelberger). If p ≡ 1(mod d) is sufficiently large, then
NP(n, d; p) = HP(n, d).
A conjecture generalizing the above theorem was put forward by Adolph-
son and Sperber [1989]. A modified version of Adolphson-Sperber conjec-
ture was proved by Wan [1993]. The modified Adolphson-Sperber conjec-
ture implies the Dwork-Mazure conjecture [Dwork 1973; Mazure 1972]. The
Dwork-Mazure conjecture was studied by many authors such as Deligne
[1980], Illusie [1990], Katz [Mazure 1972], Koblitz [1975] and Miller [Koblitz
1975].
Wan [2004] put forward the following asymptotic p-adic Riemann hypoth-
esis.
Conjecture 1.8 (Wan’s asymptotic p-adic Riemann Hypothesis). The fol-
lowing identity holds:
lim
p→∞
NP(n, d; p) = HP(n, d).
As an effort to describe NP(n, d; p) in terms of geometric invariants, we
introduce Frobenius numbers.
Definition 1.9. The Frobenius numbers are the numbers
hj,0 =
j∑
i=0
i≡j(mod d)
hi −
j−1∑
i=0
pi≡j(mod d)
hi, j = 0, 1, · · · , nd,
and
hj,1 =
j−1∑
i=0
pi≡j(mod d)
hi −
j−1∑
i=0
i≡j(mod d)
hi, j = 0, 1, · · · , nd.
It is obvious that the Frobenius numbers give rise to the following Frobe-
nius decomposition of Hodge numbers.
(1.5) hj = hj,0 + hj,1.
It is easy to see that
(1.6) hj,1 = 0 if pj ≡ j(mod d).
So, if j(mod d) is fixed under multiplication by p, then the Frobenius num-
bers hj,ǫ is symmetric in the sense that
(1.7) hj,ǫ = hnd−j,ǫ if pj ≡ j(mod d).
We shall prove that if j(mod d) is not fixed under multiplication by p, then
the Frobenius numbers hj,ǫ is cross-symmetric in the sense that
THE p-ADIC RIEMANN HYPOTHESIS FOR EXPONENTIAL SUMS 5
Proposition 1.10 (cross-symmetry). If pj 6≡ j(mod d), then
hnd−j,1−ǫ = hj,ǫ.
We shall also prove the following nonnegativity of Frobenius numbers.
Proposition 1.11 (nonnegativity). The numbers hj,ǫ’s are nonnegative.
The Frobenius numbers hj,ǫ’s serve as multiplicities of the Frobenius
slopes which are defined as follows.
Definition 1.12. The Frobenius slope set is the multiset
FS(n, d; p) =
nd⋃
j=0
⋃
ǫ=0,1
hj,ǫ{
1
p− 1
(⌈
(p − 1)j
d
⌉ − ǫ)}.
We shall prove the following admissibility for the Frobenius slopes.
Proposition 1.13 (admissible height). The Frobenius slope set is of admis-
sible height in the sense that∑
λ∈FS(n,d;p)
λ =
n
2
· (d− 1)n.
The Frobenius slope set is used to define the Frobenius polygon.
Definition 1.14. The Frobenius polygon FP(n, d; p) is the concave polygon
on the right half plane with initial point (0, 0) and slope set FS(n, d; p).
By the Frobenius decomposition of Hodge numbers and the admissibil-
ity of Frobenius slopes, the Frobenius polygon FP(n, d; p) and the Hodge
polygon HP(n, d; p) have coincide endpoints. By the symmetry and cross-
symmetry of Frobenius numbers, FP(n, d; p) is symmetric in the sense that
the multiplicity of slope λ is equal to the multiplicity of slope n− λ.
The Frobenius polygon is trivial at infinity in the following sense.
(1.8) lim
p→∞
FP(n, d; p) = HP(n, d).
And, by Equation (1.6), the Frobenius polygon is trivial at the principal
class in the following sense.
(1.9) FP(n, d; p) = HP(n, d) if p ≡ 1(mod d).
In the general, the Frobenius polygon is a majorization of the Hodge polygon
in the following sense.
Proposition 1.15 (majorization). The Hodge polygon is majorized by the
Frobenius polygon in the sense that
FP(n, d; p) ≥ HP(n, d).
One of the main result of this paper is the following improvement of
Adolphson-Sperber’s Hodge bound.
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Theorem 1.16 (Frobenius bound). If the leading form of f is smooth, then
NP(f) ≥ FP(n, d; p).
Combined with a result of [Gelfand et al. 1994], the above Frobenius
bound implies following.
Theorem 1.17 (Frobenius bound). If p is sufficiently large, then
NP(n, d; p) ≥ FP(n, d; p).
We put forward the following p-adic Riemann hypothesis.
Conjecture 1.18 (p-adic Riemann Hypothesis). If p is sufficiently large,
then
NP(n, d; p) = FP(n, d; p).
By Equation (1.8), the above p-adic Riemann hypothesis implies Wan’s
asymptotic p-adic Riemann hypothesis.
When p ≡ 1(mod d), the above p-adic Riemann hypothesis is true by
Stickelberger’s theorem and Equation (1.9). When n = 1, the above p-adic
Riemann hypothesis is proved by Zhu [2003; 2004]. We shall prove the above
p-adic Riemann hypothesis when n = 2 and p ≡ −1(mod d).
Theorem 1.19. If n = 2 and p ≡ −1(mod d) is sufficiently large, then
NP(n, d; p) = FP(n, d; p).
From above theorem one can deduce Wan’s asymptotic p-adic Riemann
hypothesis in the case that n = 2 and p ≡ −1(mod d).
Corollary 1.20. If n = 2, then
lim
p≡−1(mod d)
p→∞
NP(n, d; p) = HP(n, d).
Applying the T -adic theory developed by Liu and Wan [2009], one can
prove the T -adic version of Corollary 1.20.
Acknowledgements. The first author thanks Daqing Wan for his help-
ful suggestions and careful reading of the manuscript.
2. Hodge numbers
In this section we study Hodge numbers.
Lemma 2.1 (monotonicity). The first half Hodge numbers are increasing
in the sense that
h1 ≤ h2 ≤ · · · ≤ h[nd
2
].
Proof. To indicate the dependence of hj on n, we write hj as h
(n)
j . Then
nd∑
j=0
(h
(n)
j − h
(n)
j−1)t
j
d =
(t
1
d − t)n
(1− t
1
d )n−1
=
nd∑
j=0
(h
(n−1)
j−1 − h
(n−1)
j−d )t
j
d .
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It follows that
h
(n)
j − h
(n)
j−1 = h
(n−1)
j−1 − h
(n−1)
j−d .
By induction and by Lemma 1.2,
h
(n)
j − h
(n)
j−1 = h
(n−1)
j−1 − h
(n−1)
j−d ≥ 0 if j ≤
(n− 1)d
2
+ 1,
and
h
(n)
j − h
(n)
j−1 = h
(n−1)
(n−1)d−j+1
− h
(n−1)
j−d ≥ 0 if
(n− 1)d
2
+ 1 < j ≤
nd
2
.

Lemma 2.2 (stability). If d ∤ i, then
nd∑
j=0
j≡i(mod d)
hj =
(d− 1)n − (−1)n
d
.
Proof. We have
d−1∑
u1,u2,··· ,un=1
u1+u2+···+un≡i(mod d)
1 = (d− 1)n−1 −
d−1∑
u1,u2,··· ,un−1=1
u1+u2+···+un−1≡i(mod d)
1.
By induction,
d−1∑
u1,u2,··· ,un=1
u1+u2+···+un≡i(mod d)
1 =
(d− 1)n − (−1)n
d
.
The lemma now follows from the identity
nd∑
j=0
j≡i(mod d)
hj =
d−1∑
u1,u2,··· ,un=1
u1+u2+···+un≡i(mod d)
1.

Lemma 2.3 (monotonicity). If 0 ≤ i ≤ k ≤ nd, and i, k 6≡ 0(mod d), then
i∑
j=0
j≡i(mod d)
hj ≤
k∑
j=0
j≡k(mod d)
hj .
Proof. We may assume that n ≥ 2. By the monotonicity of the first half
Hodge numbers, we may assume that k > [nd2 ]. By Lemma 2.2 and Equation
1.2,
i∑
j=0
j≡i(mod d)
hj =
(d− 1)n − (−1)n
d
−
nd−i−d∑
j=0
j≡nd−i−d(mod d)
hj.
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So it suffices to show that
nd−i−d∑
j=0
j≡nd−i−d(mod d)
hj ≥
nd−k−d∑
j=0
j≡nd−k−d(mod d)
hj .
Let i0 ≡ i(mod d) be the integer such that
[
nd
2
]− d < nd− i0 − d ≤ [
nd
2
].
It suffices to show that
nd−i0−d∑
j=0
j≡nd−i0−d(mod d)
hj ≥
nd−k−d∑
j=0
j≡nd−k−d(mod d)
hj ,
which follows from the monotonicity of the first half Hodge numbers, as
nd− k − d ≤ [
nd
2
]− d < nd− i0 − d ≤ [
nd
2
].
The lemma is proved. 
3. Frobenius numbers
In this section we prove Propositions 1.10 and 1.11.
Proof of Proposition 1.10. It suffices to show that
hnd−j,1 = hj,0.
Note that
hnd−j,1 =
nd−j−1∑
i=0
pi≡nd−j(mod d)
hnd−i −
nd−j−1∑
i=0
i≡nd−j(mod d)
hnd−i.
A change of variables yields
hnd−j,1 =
nd∑
i=j+1
pi≡j(mod d)
hi −
nd∑
i=j+1
i≡j(mod d)
hi.
By Lemma 2.2,
hnd−j,1 = −
j∑
i=0
pi≡j(mod d)
hi +
j∑
i=0
i≡j(mod d)
hi = hj,0.
Proposition 1.10 is proved. ✷
Proof of Proposition 1.11. By Equation 1.6, we may assume that
(p− 1)j 6≡ 0(mod d).
By Proposition 1.10, it suffices to show that
hj,1 ≥ 0.
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Let j0 ≤ j − 1 be the largest integer such that pj0 ≡ j(mod d). Then, by
Lemma 2.3,
hj,0 =
j∑
i=0
i≡j(mod d)
hi −
j−1∑
i=0
pi≡j(mod d)
hi,
=
j∑
i=0
i≡j(mod d)
hi −
j0∑
i=0
i≡j0(mod d)
hi ≥ 0.
Proposition 1.11 is proved. ✷
4. The Frobenius polygon
In this section we prove the following proposition.
Proposition 4.1. Let k =
∑
2j−ǫ≤2i−ι hj,ǫ be the horizontal coordinate of a
vertex of FP(n, d; p). Then
FP(n, d; p)(k) =
∑
2j−ǫ≤2i−ι
hj,ǫ
p− 1
(⌈
pj − i
d
⌉ − ⌈
j − i
d
⌉).
Proof. It is easy to see that
i∑
j=0
(⌈
(p − 1)j
d
⌉+ ⌈
j − i
d
⌉ − ⌈
pj − i
d
⌉)hj
=
i−1∑
j=0
(⌈
(p − 1)j
d
⌉+ ⌈
j − i
d
⌉ − ⌈
pj − i
d
⌉)hj
=
i−1∑
j=0
(⌈
(p − 1)j
d
⌉+ ⌈
j − (i− 1)
d
⌉ − ⌈
pj − (i− 1)
d
⌉)hj + hi,1.
It follows that
i∑
j=0
hj,1 =
i∑
j=0
(⌈
(p − 1)j
d
⌉+ ⌈
j − i
d
⌉ − ⌈
pj − i
d
⌉)hj .
Hence
FP(n, d; p)(k) =
1
p− 1
(
∑
2j−ǫ≤2i−ι
hj,ǫ⌈
(p − 1)j
d
⌉ −
i∑
j=0
hj,1)
=
∑
2j−ǫ≤2i−ι
hj,ǫ
p− 1
(⌈
pj − i
d
⌉ − ⌈
j − i
d
⌉).
The proposition is proved. 
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Corollary 4.2. Let k =
∑
2j−ǫ≤2i−ι hj,ǫ be the horizontal coordinate of a
vertex of FP(n, d; p). Then
FP(n, d; p)(k) −HP(n, d)(k)
=
d−1∑
l=0
l 6≡−i−1(mod d)
l
(p − 1)d
(
∑
2j−ǫ≤2i−ι
j≡i+l+1(mod d)
hj,ǫ −
∑
2j−ǫ≤2i−ι
pj≡i+l+1(mod d)
hj,ǫ).
Proof. By Proposition 4.1,
FP(n, d; p)(k)
=
∑
2j−ǫ≤2i−ι
j
d
· hj,ǫ +
∑
2j−ǫ≤2i−ι
hj,ǫ
p− 1
({
j − i− 1
d
} − {
pj − i− 1
d
})
= HP(n, d)(k) +
d−1∑
l=0
l
(p − 1)d
(
∑
2j−ǫ≤2i−ι
j≡i+l+1(mod d)
hj,ǫ −
∑
2j−ǫ≤2i−ι
pj≡i+l+1(mod d)
hj,ǫ).
The corollary now follows. 
5. Majorization over the Hodge polygon
In this section we prove Propositions 1.13 and 1.15.
Proof of Proposition 1.13. Proposition 1.13 follows from Corollary 4.2,
Equation (1.4), and Lemma 2.2. ✷
Proof of Proposition 1.15. By Equation (1.9), we may assume that
p 6≡ 1(mod d).
Firstly, we assume that
k =
i∑
j=0
hj .
Then by Corollary 4.2,
FP(n, d; p)(k) −HP(n, d)(k)
=
d−1∑
l=0
l 6≡−i−1(mod d)
l
(p− 1)d
(
i∑
j=0
j≡i+l+1(mod d)
hj −
i∑
j=0
pj≡i+l+1(mod d)
hj).
Set
bl =
i∑
j=0
j≡i+l+1(mod d)
hj and cl =
i∑
j=0
pj≡i+l+1(mod d)
hj .
Then
{cl}
d−1
l=0, l 6≡−i−1(mod d)
is a permutation of
{bl}
d−1
l=0, l 6≡−i−1(mod d)
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Note that
bl =
i+l+1−d∑
j=0
j≡i+l+1−d(mod d)
hj .
So by Lemma 2.3,
{bl}
d−1
l=0, l 6≡−i−1(mod d)
is an increasing sequence. It follows that
FP(n, d; p)(k) −HP(n, d)(k) ≥ 0.
Finally, we assume that
k =
i−1∑
j=0
hj + hi,1, hi,1 6= 0.
Then by Corollary 4.2,
FP(n, d; p)(k) −HP(n, d)(k)
=
d−2∑
l=0
l 6≡−i−1(mod d)
l 6≡(p−1)i−1(mod d)
l
(p− 1)d
(
i−1∑
j=0
j≡i+l+1(mod d)
hj −
i−1∑
j=0
pj≡i+l+1(mod d)
hj).
Hence
FP(n, d; p)(k) −HP(n, d)(k) ≥ 0
similarly. Proposition 1.15 is proved. ✷
6. Elementary Estimation
Let A and B be subsets of {1, · · · , d − 1}n of cardinality k, and τ a
bijection from A to B. In this section we give a lower bound for the sum∑
u∈A
⌈p deg u− deg(τ(u))⌉, deg u =
u1 + u2 + · · ·+ un
d
.
We begin with the following definition.
Definition 6.1. The degree of A is defined to be
degA =
∑
u∈A
deg u.
It is easy to see that
(6.10) degA ≥ HP(n, d)(k).
And, it is easy to prove the following lemma.
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Lemma 6.2. If p is large enough, and
degA > HP(n, d)(k),
then ∑
u∈A
⌈p deg u− deg τ(u))⌉ > (p− 1)FP(n, d; p)(k).
We now prove the following lemma.
Lemma 6.3. If degA = degB = HP(n, d)(k), then∑
u∈A
⌈p deg u− deg τ(u))⌉ ≥ (p− 1)FP(n, d; p)(k).
Proof. Firstly we assume that
i−1∑
j=0
hj + hi,1 < k ≤
i∑
j=0
hj .
Then ∑
u∈A
⌈deg(pu− τ(u))⌉
≥
∑
u∈A
([deg(pu) +
d− 1− i
d
]− [deg τ(u) +
d− 1− i
d
])
≥
∑
u∈A
(⌈deg(pu)−
i
d
⌉ − ⌈deg u−
i
d
⌉)
≥
∑
2j−ǫ≤2i−1
hj,ǫ(⌈
pj − i
d
⌉ − ⌈
j − i
d
⌉)
+ (k −
i−1∑
j=0
hj − hi,1)⌈
(p − 1)i
d
⌉
So by Proposition 4.1,∑
u∈A
⌈deg(pu− τ(u))⌉ ≥ (p− 1)FP(n, d; p)(k).
Secondly we assume that
i−1∑
j=0
hj < k ≤
i−1∑
j=0
hj + hi,1.
Then the number of elements u ∈ A such that
⌈deg(pu− τ(u))⌉ = [deg(pu) +
d− 1− i
d
]− [deg τ(u) +
d− 1− i
d
] + 1
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is no less than ∑
{deg(pu)+ d−1−i
d
}>{deg τ(u)+ d−1−i
d
}
1
≥
∑
u∈A,degu< i
d
{deg(pu)}= i
d
1−
∑
u∈B,degu< i
d
{deg u}= i
d
1− (k −
i−1∑
j=0
hj)
≥
i−1∑
j=0
hj + hi,1 − k.
It follows that∑
u∈A
⌈deg(pu− τ(u))⌉
≥
∑
u∈A
(⌈deg(pu)−
i
d
⌉ − ⌈deg τ(u)−
i
d
⌉) +
i−1∑
j=0
hj + hi,1 − k
≥
∑
2j−ǫ≤2i−1
hj,ǫ(⌈
pj − i
d
⌉ − ⌈
j − i
d
⌉)
−(
i−1∑
j=0
hj + hi,1 − k)⌈
(p − 1)i
d
⌉+
i−1∑
j=0
hj + hi,1 − k
≥
∑
2j−ǫ≤2i−1
hj,ǫ(⌈
pj − i
d
⌉ − ⌈
j − i
d
⌉)− (
i−1∑
j=0
hj + hi,1 − k)(⌈
(p − 1)i
d
⌉ − 1)
So by Proposition 4.1,∑
u∈A
⌈deg(pu− τ(u))⌉ ≥ (p− 1)FP(n, d; p)(k).
The lemma is proved. 
When k is the horizontal coordinate of a vertex of the Frobenius polygon,
we can prove more.
Definition 6.4. Let A and B be subsets of {1, 2, · · · , d− 1}n. Let id be the
maximal degree of elements of A and B. An injection τ from A to B is
called a Sun Bin correspondence if
{deg τ(u) +
d− 1− i
d
} ≥ {p deg u+
d− 1− i
d
}, ∀u ∈ A.
The set of Sun Bin correspondences from A to B is denoted by S(A,B).
Lemma 6.5. Suppose that
degA = degB = HP(n, d)(k),
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and
k =
∑
2j−ǫ≤2i−ι
hj,ǫ.
Then ∑
u∈A
⌈p deg u− deg τ(u)⌉ = (p − 1)FP(n, d; p)(k)
if and only if τ is a Sun Bin correspondence.
Proof. In fact, τ is a Sun Bin correspondence if and only if∑
u∈A
⌈deg(pu− τ(u))⌉
=
∑
u∈A
([deg(pu) +
d− 1− i
d
]− [deg τ(u) +
d− 1− i
d
])
=
∑
2j−ǫ≤2i−ι
hj,ǫ([
pj + d− 1− i
d
]− [
j + d− 1− i
d
]).
So by Proposition 4.1, τ is a Sun Bin correspondence if and only if∑
u∈A
⌈deg(pu− τ(u))⌉ = (p− 1)FP(n, d; p)(k).
The lemma is proved. 
7. The p-adic Theory of exponential sums
In this section we review the p-adic theory of exponential sums developed
by Dwork [1962; 1964].
Let Zp be the ring of p-adic integers, and Qp the field of p-adic numbers.
Let µq−1 be the group of (q − 1)-th roots of unity, Zq = Zp[µq−1], and
Qq = Qp(µq−1). If necessary, elements of Fq as numbers in Qq via the
Teichmu¨ller lifting.
Let
(7.11) E(x) = exp(
∞∑
i=0
xp
i
pi
)
be the Artin-Hasse exponential. Let π be the number such that
E(π) = ζp.
It is easy to see that
ordp(π) = ordp(ζp − 1) =
1
p− 1
.
Write
Ef (x) =
∏
deg u≤1
E(πaux
u).
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The function Ef lies in Zq[π
1
d ]-module
L =
{∑
u∈Nn
buπ
deg uxu | bu ∈ Zq[π
1
d ]
}
.
The function Ef acts on L by multiplication. Let φp be the operator on L
defined by the formula
φ(
∑
u∈Nn
buπ
deg uxu) =
∑
u∈Nn
bpuπ
deg uxu.
Let
B =
{∑
u∈Nn
buπ
deg uxu ∈ L | lim
deg u→+∞
ordp(bu) = +∞
}
.
It is easy to see that B is closed under the composition φp◦Ef . So we regard
φp ◦Ef as an operator on B. Let ∂ be the map
∂ : ⊕nk=1π
1
dxkB → B
defined by the formula
∂(g1, g2, · · · , gn) =
n∑
k=1
(xk
∂
∂xk
+ fk)gk,
where fk’s are defined by the formula
d log Êf (x) =
n∑
k=1
fk
dxk
xk
, Êf (x) =
+∞∏
j=0
Eσ
j
f (x
pj ).
It is easy to see that the operator φp ◦Ef lives on the quotient
H0 = B/Im∂.
So we now regard φp ◦ Ef as an operator on H0.
The following lemma is due to Sperber [1986].
Lemma 7.1. If the leading form of f is smooth, then H0 is a free Zq[π
1
d ]-
module of finite rank, and
πdeg uxu, u ∈ {1, · · · , d− 1}n
represents a basis of H0. Moreover,
πdegwxw ≡
d−1∑
u1,··· ,un=1
deg u≤degw
αu,wπ
deg uxu(mod Im∂), w ∈ Nn.
Let σ be the Frobenius element of Gal(Qq/Qp). The element σ acts on
H0 naturally. Let φ = σ
−1 ◦ φp ◦ Ef .
The following theorem is due to Sperber [1986].
Theorem 7.2. If the leading form of f is smooth and q = pa, then
Lf (s)
(−1)n−1 = det
Zq [π
1
d ]
(1− φas).
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8. Scalar extension
In this section we shall obtain a convenient form of Theorem 7.2. We
begin with the following theorem.
Theorem 8.1. If the leading form of f is smooth and q = pa, then
Tr
Zp[π
1
d ]
(φk) = 0 if k 6≡ 0(mod a).
Proof. We extend φk to H0 ⊗
Zp[π
1
d ]
Zq[π
1
d ] by scalar. Then
Tr
Zp[π
1
d ]
(φk) = Tr
Zq [π
1
d ]
(φk | H0 ⊗
Zp[π
1
d ]
Zq[π
1
d ]).
Identifying φk as an operator on H
Z/(a)
0 via the canonical isomorphism
H0 ⊗
Zp[π
1
d ]
Zq[π
1
d ]→ H
Z/(a)
0 ,
we arrive at
Tr
Zp[π
1
d ]
(φk) = Tr
Zq [π
1
d ]
(φk | H
Z/(a)
0 ).
So it suffices to show that
Tr
Zq [π
1
d ]
(φk | H
Z/(a)
0 ) = 0 if k 6≡ 0(mod a).
For each (w, j) ∈ {1, · · · , d − 1}n × Z/(a), let εw,j ∈ H
Z/(a)
0 be the vector
whose i-component is represented by δijπ
degwxw. Then
εw,j, (w, j) ∈ {1, · · · , d− 1}
n × Z/(a)
is a basis of H
Z/(a)
0 . It is easy to see that
φk = σ−k ◦ φkp ◦
k−1∏
j=0
Eσ
j
f .
Note that φkp ◦
∏k−1
j=0 E
σj
f is Zq[π
1
d ]-linear on H0. So, if M is the matrix of
φkp ◦
∏k−1
j=0 E
σj
f on H0 corresponding to the basis represented by
πdegwxw, w ∈ {1, · · · , d− 1}n,
then 
M 0 · · · 0
0 Mσ · · · 0
...
...
. . .
...
0 0 · · · Mσ
a−1

is the matrix of φkp ◦
∏k−1
j=0 E
σj
f on H
Z/(a)
0 corresponding to the basis
εw,j, (w, j) ∈ {1, · · · , d− 1}
n × Z/(a)
Also note that
σ−k(εu,j) = εu,j+k.
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It follows that
Tr
Zq [π
1
d ]
(φk | H
Z/(a)
0 ) = 0 if k 6≡ 0(moda).
The theorem is proved. 
The main result of this section is the following theorem.
Theorem 8.2. If the leading form of f is smooth and q = pa, then
Lf (s
a)(−1)
n−1
= det
Zp[π
1
d ]
(1− φs).
Proof. Note that
det
Zp[π
1
d ]
(1− φasa) = Norm
Zq [π
1
d ]/Zp[π
1
d ]
det
Zq [π
1
d ]
(1− φasa).
Applying Theorem 7.2, we arrive at
det
Zp[π
1
d ]
(1− φasa) = Norm
Zq [π
1
d ]/Zp[π
1
d ]
Lf (s
a)(−1)
n−1
.
By Equation 1.1,
Lf (s
a)(−1)
n−1
∈ Qp(ζp)[[s
a]].
It follows that
det
Zp[π
1
d ]
(1− φasa) = Lf (s
a)a(−1)
n−1
.
By Theorem 8.1,
det
Zp[π
1
d ]
(1− φs)a = det
Zp[π
1
d ]
(1− φasa).
It follows that
Lf (s
a)a(−1)
n−1
= det
Zp[π
1
d ]
(1− φs)a.
Comparing the constant term, we arrive at
Lf (s
a)(−1)
n−1
= det
Zp[π
1
d ]
(1− φs).
The theorem is proved. 
The above theorem can be generalized to the exponential sums studied
in [Adolphson and Sperber 1987; 1989]. It can even be generalized to the
F -crystals studied in [Katz 1979]. The above theorem can be restated as
follows.
Theorem 8.3. If the leading form of f is smooth and q = pa, then
Lf (s
a)(−1)
n−1
= det(1−

0 · · · 0 M
Mσ · · · 0 0
...
. . .
...
...
0 · · · Mσ
a−1
0
 s),
where M is the matrix of φp◦Ef on H0 corresponding to the basis represented
by
πdegwxw, w ∈ {1, · · · , d− 1}n.
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Proof. By Theorem 8.2,
Lf (s
a)(−1)
n−1
= det
Zp[π
1
d ]
(1− φs).
Hence
Lf (s
a)(−1)
n−1
= det
Zq [π
1
d ]
(1− φs | H
Z/(a)
0 ).
In the proof of Theorem 8.1, we see that
0 · · · 0 M
Mσ · · · 0 0
...
. . .
...
...
0 · · · Mσ
a−1
0

is the matrix of φ on H
Z/(a)
0 corresponding to the basis
εw,j, (w, j) ∈ {1, · · · , d− 1}
n × Z/(a).
The theorem now follows. 
9. Lower Bound Estimation
In this section we prove Theorem 1.16.
Proof of Theorem 1.16. Let
(πdeg u−degwcu,w)u,w∈{1,2,··· ,d−1}n
be the matrix of φp ◦ Ef on H0 corresponding to the basis represented by
πdegwxw, w ∈ {1, 2, · · · , d− 1}n.
By Theorem 8.3, it suffices to show that, if S ⊆ {1, 2, · · · , d − 1}n × Z/(a)
is of cardinality ak, then
ordq
(
det(δi,l+1c
σl
u,w)(u,i),(w,l)∈S
)
≥ FP(n, d; p)(k).
Write
S = ∪i∈Z/(a)Ai × {i}.
Suppose that |Ai0 | 6= |Ai0+1| for some i0. Without loss of generality, we
assume that |Ai0 | > |Ai0+1|. Then the columns of the matrix
(δi,l+1c
σl
u,w)(u,i),(w,l)∈S
indexed by Ai0 ×{i0} are linearly dependent as their coefficients are all zero
except those in the rows indexed by Ai0+1 × {i0 + 1}. It follows that
det(δi,l+1c
σl
u,w)(u,i),(w,l)∈S = 0.
So we may assume that |Ai| = k for all i ∈ Z/(a). Then
det(δi,l+1c
σl
u,w)(u,i),(w,l)∈S = ±
∏
l∈Z/(a)
det(cσ
l
u,w)u∈Al+1,w∈Al.
One can show that
ordπ(cu,w) ≥ ⌈deg(pu− w)⌉.
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Therefore it suffices to show that∑
l∈Z/(a)
∑
u∈Al+1
⌈deg(pu− τl(u))⌉ ≥ a(p− 1)FP(n, d; p)(k)
for any a-tuple (Al)l∈Z/(a) of subsets of {1, 2, · · · , d − 1}
n of cardinality k,
where τl is a bijection from Al+1 to Al.
The theorem now follows from Lemmas 6.2 and 6.3.✷
10. A Non-vanishing Theorem
Let k ≤
(d+n−2
n
)
be the horizontal coordinate of a vertex of FP(n, d; p).
Let Vk be the set of a-tuples of subsets of {1, 2, · · · , d − 1}
n of cardinal-
ity k and of degree HP(n, d)(k). Let λj ’s be p-adic integers such that
λ0, λ1, · · · , λp−1 are p-adic units. In this section we study the polynomial
defined as follows.
Definition 10.1. We define
H(y) =
∑
(Aj)j∈Z/(a)∈Vk
a−1∏
j=0
∑
τ∈S(Aj+1,Aj)
∏
u∈Aj+1
∑
(iw)∈∆(pu−τ(u))
∏
degw≤1
λiwy
iwpj
w ,
where ∆(u) is the set of vectors (iw)degw≤1 with entries in N such that∑
degw≤1
iww = u and
∑
degw≤1
iw = ⌈deg u⌉.
In certain sense, the minimal form of the above polynomial is the poly-
nomial defined as follows.
Definition 10.2. We define
H0(y) =
∑
(Aj)∈Wk
a−1∏
j=0
∑
τ∈S0(Aj+1,Aj)
∏
u∈Aj+1
∑
(iw)∈∆0(pu−τ(u))
∏
degw≤1
λiwy
iwpj
w ,
where ∆0(u) is the set of vectors (iw)degw≤1 in ∆(u) such that∑
degw<1
iw = ⌈{deg u}⌉,
S0(Aj+1, Aj) is the set of correspondences τ in S(Aj+1, Aj) such that∑
u∈Aj+1
⌈{deg(pu− τ(u))}⌉
is minimal, and Wk is the set of (Aj)j∈Z/(a) ∈ Vk such that∑
j∈Z/(a)
pj
∑
u∈Aj+1
⌈{deg(pu− τ(u))}⌉, τ ∈ S0(Aj+1, Aj)
is minimal.
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Lemma 10.3. If p > dn+1, then H0(y) is the minimal form of H(y) when
both are viewed as polynomials in the variables {yw | degw < 1} modulo the
ideal {yp
a
w − yw | degw < 1}.
Proof. Note that, for any a-tuple {τj ∈ S(Aj+1, Aj)}j∈Z/(a), and any system(
{(iw,u) ∈ ∆(pu− τj(u))}u∈Aj+1
)
j∈Z/(a)
,
we have∑
u∈Aj+1
∑
degw<1
iw,u < d
∑
u∈Aj+1
∑
degw≤1
iw,u(1− degw)
≤ d
∑
u∈Aj+1
(⌈deg(pu− τj(u))⌉ − deg(pu− τj(u))
≤ dn+1.
So, as a polynomial in the variables {yw | degw < 1}, the degree of
a−1∏
j=0
∑
τ∈S(Aj+1,Aj)
∏
u∈Aj+1
∑
(iw)∈∆(pu−τ(u))
∏
degw≤1
λiwy
iwpj
w
is bounded by (dn+1 − 1)(1 + p+ · · ·+ pa−1) < pa.
It follows that, as a polynomial in the variables {yw | degw < 1} modulo
the ideal (yp
a
w − yw | degw < 1), the minimal form of
a−1∏
j=0
∑
τ∈S(Aj+1,Aj)
∏
u∈Aj+1
∑
(iw)∈∆(pu−τ(u))
∏
degw≤1
λiwy
iwpj
w
is
a−1∏
j=0
∑
τ∈S0(Aj+1,Aj)
∏
u∈Aj+1
∑
(iw)∈∆0(pu−τ(u))
∏
degw≤1
λiwy
iwpj
w .
Therefore, as a polynomial in the variables {yw | degw < 1} modulo the
ideal (yp
a
w −yw | degw < 1), the minimal form of H(y) is H0(y). The lemma
is proved. 
In the following two sections we shall prove the following proposition.
Proposition 10.4. If p ≡ −1(mod d) and n = 2, then H0(y) is nonzero
modulo (p, yp
a
w − yw | degw ≤ 1).
From the proposition and the lemma of this section one can infer the
following theorem.
Theorem 10.5. Suppose that p ≡ −1(mod d) and n = 2. If p > dn+1, then
H(y) is nonzero modulo (p, yp
a
w − yw | degw ≤ 1).
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11. Proof of the non-vanishing theorem
In this section we shall prove Proposition 10.4 when k =
∑i
j=0 hj .
Write
A = ∪j≤iAj,
where
Aj = {u ∈ {1, 2, · · · , d− 1}
n | u1 + u2 = j}.
Define
(11.12) H0,1(y) =
∑
τ∈S0(A,A)
∏
u∈A
∑
(iw)∈∆0(pu−τ(u))
∏
degw≤1
λiwy
iw
w .
It is easy to see that
(11.13) H0(y) =
a−1∏
j=0
H0,1(y
pj), k =
i∑
j=0
hj .
To pick up a kind of leading form of H0,1(y), we define the following poly-
nomials.
Definition 11.1. For each j ≤ d2 , we define
Gj(y) =
∑
τ∈Γj
∏
u∈Aj∪Ad−j
∑
(iw)∈∆0(pu−τ(u))
∏
degw≤1
λiwy
iw
w ,
where Γj is the set of permutations τ of Aj ∪Ad−j such that
τ(Aj) ∪ τ
−1(Aj) ⊆ Ad−j if j ≥ d− i.
Lemma 11.2. Suppose that p ≡ −1(mod d) and n = 2. If the product∏
1≤j≤ d
2
Gj(y) is nonzero, then it is the leading form of H0,1(y) when both
are viewed as polynomials in the variables {yw | degw < 1} with the ordering
yw > yv ⇔ degw > deg v.
Proof. Note that∑
u∈A
⌈{deg(pu− τ(u))}⌉ = |A| −
∑
deg(τ(u))={p deg u}
1.
It follows that S0(A,A) is the set of correspondences τ in S(A,A) such that
τ(Aj)
{
⊆ Ad{ pj
d
}, if j ≤ d{
pj
d } ≤ i,
⊇ Ad{ pj
d
}, if d{
pj
d } ≤ j ≤ i.
Let S1(A,A) be the subset of S0(A,A) such that the leading form of H0,1(y)
is ∑
τ∈S1(A,A)
∏
u∈A
∑
(iw)∈∆0(pu−τ(u))
∏
degw≤1
λiwy
iw
w .
One can show that
S1(A,A) =
∏
1≤j≤ d
2
Γj.
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The lemma now follows. 
To pick up the leading form of Gj(y) in the variables y(d,0) and y(0,d), we
define the following polynomial.
Definition 11.3. For each j ≤ d2 , we define
Gj,0(y) =
∑
τ∈Γj,0
∏
u∈Aj∪Ad−j
∑
(iw)∈∆0,1(pu−τ(u))
∏
degw≤1
λiwy
iw
w ,
where Γj,0 is the set of correspondences τ in Γj such that
τ(u)i ≤ d{
pui
d
}, i = 1, 2,
and ∆0,1(u) is the set of vectors (iw)degw≤1 in ∆0(u) such that
i(d,0) = [
pu1
d
] and i(0,d) = [
pu2
d
].
Lemma 11.4. Suppose that p ≡ −1(mod d) and n = 2. If Gj,0(y) 6= 0,
then it is the leading form of Gj(y) when both are viewed as polynomials in
the variables y(d,0) and y(0,d).
Proof. Obvious. 
To pick up a kind of constant term of Gj,0(y), we define the following
polynomial.
Definition 11.5. For each j ≤ d2 , we define
Gj,1(y) =
∑
τ∈Γj,1
∏
u∈Aj∪Ad−j
∑
(iw)∈∆0,2(pu−τ(u))
∏
degw≤1
λiwy
iw
w ,
where ∆0,2(u) is the set of vectors (iw)degw≤1 in ∆0,1(u) such that
iw = 0 if degw = 1 and w1w2(w1 − [
d+ 1
2
])(w2 − [
d
2
]) 6= 0,
and Γj,1 is the set of permutations τ in Γj,0 such that
∆0,2(pu− τ(u)) 6= ∅, ∀u ∈ Aj ∪Ad−j .
Lemma 11.6. Suppose that p ≡ −1(mod d) and n = 2. Then as a polyno-
mial in the variables
{yw | degw = 1 and w1w2(w1 − [
d+ 1
2
])(w2 − [
d
2
]) 6= 0},
the constant term of Gj,0(y) is Gj,1(y).
Proof. Obvious. 
To pick up the minimal form of Gj,1(y) in y([ d+1
2
],[ d
2
]), we define the fol-
lowing polynomial.
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Definition 11.7. For each j ≤ d2 , we define
Gj,2(y) =
∑
τ∈Γj,2
∏
u∈Aj∪Ad−j
∑
(iw)∈∆0,3(pu−τ(u))
∏
degw≤1
λiwy
iw
w ,
where ∆0,3(u) be the set of vectors (iw)degw≤1 in ∆0,2(u) such that
i([ d+1
2
],[ d
2
]) =
{
0, if {u1d }+ {
u2
d } < 1,
1, otherwise,
and Γj,2 is the set of permutations τ in Γj,1 such that
∆0,3(pu− τ(u)) 6= ∅, ∀u ∈ Aj ∪Ad−j .
Lemma 11.8. Suppose that p ≡ −1(mod d) and n = 2. If Gj,2(y) 6= 0,
then it is the minimal form of Gj,1(y) when both are viewed as polynomials
in the variable y([ d+1
2
],[ d
2
]).
Proof. Firstly, suppose that j ≥ d − i, τ ∈ Γj,1, and u ∈ Ad−j \ τ
−1(Aj).
Then
y([ d+1
2
],[ d
2
]) ∤
∑
(iw)∈∆0,2(pu−τ(u))
∏
degw≤1
λiwy
iw
w .
Hence ∆0,3(pu− τ(u)) = ∆0,2(pu− τ(u)) and∑
(iw)∈∆0,3(pu−τ(u))
∏
degw≤1
λiwy
iw
w ,
if nonzero, is the minimal form of∑
(iw)∈∆0,2(pu−τ(u))
∏
degw≤1
λiwy
iw
w .
Secondly, suppose that j ≥ d− i, τ ∈ Γj,1, and u 6∈ Ad−j \ τ
−1(Aj). Then
y([ d+1
2
],[ d
2
]) |
∑
(iw)∈∆0,2(pu−τ(u))
∏
degw≤1
λiwy
iw
w .
Hence ∑
(iw)∈∆0,3(pu−τ(u))
∏
degw≤1
λiwy
iw
w ,
if nonzero, is the minimal form of∑
(iw)∈∆0,2(pu−τ(u))
∏
degw≤1
λiwy
iw
w .
Finally, suppose that j < d − i, τ ∈ Γj,1, and u ∈ Aj ∪ Ad−j . Then
Ad−j = ∅, and
y([ d+1
2
],[ d
2
]) |
∑
(iw)∈∆0,2(pu−τ(u))
∏
degw≤1
λiwy
iw
w .
Hence ∑
(iw)∈∆0,3(pu−τ(u))
∏
degw≤1
λiwy
iw
w ,
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if nonzero, is the minimal form of∑
(iw)∈∆0,2(pu−τ(u))
∏
degw≤1
λiwy
iw
w .
Therefore ∏
u∈Aj∪Ad−j
∑
(iw)∈∆0,3(pu−τ(u))
∏
degw≤1
λiwy
iw
w ,
if nonzero, is the minimal form of∏
u∈Aj∪Ad−j
∑
(iw)∈∆0,2(pu−τ(u))
∏
degw≤1
λiwy
iw
w .
If ∏
u∈Aj∪Ad−j
∑
(iw)∈∆0,3(pu−τ(u))
∏
degw≤1
λiwy
iw
w 6= 0,
then its degree in y([ d+1
2
],[ d
2
]) is independent of τ . It follows that Gj,2(y), if
nonzero, is the minimal form of Gj,1(y). The lemma is proved. 
In the following two lemmas we shall give explicit expressions for the
polynomials Gj,2(y)’s.
Lemma 11.9. Suppose that p ≡ −1(mod d) and n = 2. If j < d− i, then
Gj,2(y) =
∑
τ∈Γj,2
∏
u∈Aj
λ[ pu1
d
]y
[
pu1
d
]
(d,0) λ[ pu2d ]
y
[
pu2
d
]
(0,d) λ
2
1y([ d+1
2
],[ d
2
])y([ d
2
],[ d+1
2
])−u−τ(u),
and Γj,2 is the set of permutations τ in Aj such that
τ(u)1 ≤ [
d
2
]− u1 and τ(u)2 ≤ [
d+ 1
2
]− u2.
Proof. Obvious. 
Lemma 11.10. Suppose that p ≡ −1(mod d) and n = 2. If d− i < j ≤ d2 ,
then
Gj,2(y) = Gj,3(y)
∏
u∈Aj∪Ad−j,0
λ[ pu1
d
]y
[
pu1
d
]
(d,0) λ[ pu2d ]
y
[
pu2
d
]
(0,d) λ1y([ d+12 ],[
d
2
]),
where
Ad−j,0 = {u ∈ Ad−j | u1 < [
d
2
], u2 < [
d+ 1
2
]},
and
Gj,3(y) =
∑
τ∈Γj,3
∏
u∈Ad−j\Ad−j,0
λ[ pu1
d
]y
[
pu1
d
]
(d,0) λ[ pu2d ]
y
[
pu2
d
]
(0,d) λ1y(d,d)−u−τ(u)
with Γj,3 being the set of permutations τ of Ad−j \ Ad−j,0 such that
τ(u)i ≤ d{
pu1
d
}, i = 1, 2.
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Proof. Let τ ∈ Γj,2. Then
(d, d) − u− τ(u) = ([
d+ 1
2
], [
d
2
]), u ∈ Aj ∪ (Ad−j ∩ τ
−1(Aj)).
Hence
Ad−j ∩ τ
−1(Aj) = Ad−j,0,
and
τ(u) = ([
d
2
], [
d+ 1
2
])− u, u ∈ Aj ∪Ad−j,0.
The lemma now follows. 
We now prove Proposition 10.4 when k =
∑i
j=0 hj .
Proof of Proposition 10.4 when k =
∑i
j=0 hj . By Equation 11.13 and the
lemmas of this section, it suffices to show that Gj,2(y) is nonzero modulo
p when j ≤ min(d2 , d − i − 1), and that Gj,3(y) is nonzero modulo p when
d− i ≤ j ≤ d2 .
We order the variables {yw | degw < 1} such that yw > yv if one of the
following items holds:
(1) degw > deg v;
(2) degw = deg v but |w1 − w2| < |v1 − v2|;
(3) degw = deg v, |w1 −w2| = |v1 − v2|, but w1 < v1.
If j ≤ min(d2 , d − i− 1), then Gj,2(y) is nonzero modulo p since, as a poly-
nomial in the variables {yw | degw < 1}, its leading term is∏
u∈Aj
λ[ pu1
d
]y
[
pu1
d
]
(d,0) λ[ pu2d ]
y
[
pu2
d
]
(0,d) λ
2
1y([ d+1
2
],[ d
2
])y([ d
2
],[ d+1
2
])−u−τ1(u)
,
where τ1(u) = (u2, u1).
If d− i ≤ j ≤ d2 , then Gj,3(y) is nonzero modulo p since, as a polynomial
in the variables {yw | degw < 1}, its leading term is∏
u∈Ad−j\Ad−j,0
λ[ pu1
d
]y
[
pu1
d
]
(d,0) λ[ pu2d ]
y
[
pu2
d
]
(0,d) λ1y(d,d)−u−τ2(u),
where
τ2(u) =
{
u, u1 =
d−1
2 , u2 <
d+1
2 ,
(u2, u1), otherwise.
The proof of Proposition 10.4 when k =
∑i
j=0 hj is completed. 
Similarly, one can prove the following proposition.
Proposition 11.11. If p ≡ −1(mod d) and n = 2, then
H1(y) =
∑
τ∈S0(A˜,A˜)
∏
u∈A˜
∑
(iw)∈∆0(pu−τ(u))
∏
degw≤1
λiwy
iw
w
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is nonzero modulo p, where A˜ = {deg u < i | u1+ u2 6= d− i}, and S0(A˜, A˜)
is the set of correspondences τ in S(A˜, A˜) such that∑
u∈A˜
⌈{deg(pu− τ(u))}⌉
is minimal.
12. Proof of the Non-vanishing Theorem: continued
In this section we assume that k =
∑i−1
j=0 hj +hi,1 with hi,1 6= 0. We shall
prove Proposition 10.4 when k =
∑i−1
j=0 hj + hi,1 with hi,1 6= 0.
In a moment, we shall see that H1(y), which is defined in Proposition
11.11, is a factor of H0(y). To pick up a different kind factor of H0(y), we
define the following polynomial.
Definition 12.1. We define
H2(y) =
∑
(Aj)∈Wk
a−1∏
j=0
∑
τ∈Λj
∏
u∈Aj+1\A˜
∑
(iw)∈∆0(pu−τ(u))
∏
degw≤1
λiwy
iw
w ,
where A˜ is as defined in Proposition 11.11, and Λj is the set of bijections τ
from Aj+1 \ A˜ to Aj \ A˜ such that
deg(τ(u)) = 1− deg u, u ∈ Aj+1 \ A.
Lemma 12.2. If p ≡ −1(mod d) and n = 2, then
H0(y) = H2(y)
a−1∏
j=0
H1(y
pj).
Proof. As hi,1 6= 0, we have
i >
d
2
and hi,1 = hd−i.
If τ ∈ S0(Aj+1, Aj), then
deg(τ(u)) = 1− deg u if deg u =
i
d
, 1−
i
d
.
So
S0(Aj+1, Aj) = S0(A˜, A˜)× Λj .
Hence ∑
τ∈S0(Aj+1,Aj)
∏
u∈Aj+1
∑
(iw)∈∆0(pu−τ(u))
∏
degw≤1
λiwy
iw
w
= H1(y)
∑
τ∈Λj
∏
u∈Aj+1\A˜
∑
(iw)∈∆0(pu−τ(u))
∏
degw≤1
λiwy
iw
w .
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It follows that
H1(y) = H2(y)
a−1∏
j=0
H1(y
pj).
The lemma is proved. 
To pick up a kind of constant term of H2(y), we define the following
polynomial.
Definition 12.3. We define
H3(y) =
∑
(Aj)∈Wk
a−1∏
j=0
∑
τ∈Λj
∏
u∈Aj+1\A˜
∑
(iw)∈∆1(pu−τ(u))
∏
degw≤1
λiwy
iwpj
w ,
where ∆1(u) is the set of vectors (iw)degw≤1 in ∆0(u) such that
iw = 0 if degw = 1 and w1w2(w1 − [
d+ 1
2
])(w2 − [
d
2
]) 6= 0.
Lemma 12.4. As a polynomial in the variables
{yw | degw = 1 and w1w2(w1 − [
d+ 1
2
])(w2 − [
d
2
]) 6= 0},
the constant term of H2(y) is H3(y).
Proof. Obvious. 
We find that H3 is divided by a power of y([ d+1
2
],[ d
2
]).
Lemma 12.5. If p ≡ −1(mod d) and n = 2, then
H4(y) =
∑
(Aj)∈Wk
a−1∏
j=0
∑
τ∈Λj
∏
u∈Aj+1\A˜
y−p
j
([ d+1
2
],[ d
2
])
∑
(iw)∈∆1(pu−τ(u))
∏
degw≤1
λiwy
iwpj
w
is a polynomial, and is equal to the quotient of H3(y) divided by a power of
y([ d+1
2
],[ d
2
]).
Proof. Let τ ∈ Λj and u ∈ Aj+1 \ A˜. Then
pu− τ(u) ∈
∑
degw=1
Zw,
pu− τ(u) ∈ Z(d, 0) + Z(0, d).
So
y([ d+1
2
],[ d
2
]) |
∑
(iw)∈∆1(pu−τ(u))
∏
degw≤1
λiwy
iw
w .
The lemma now follows. 
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Lemma 12.6. If p ≡ −1(mod d) and n = 2, then, as a polynomial in
y([ d+1
2
],[ d
2
]), the constant term of H4(y) is
a−1∏
j=0
∏
u∈A˘
λ[ pu1
d
]y
[
pu1
d
]pj
(d,0) λ[ pu2d ]
y
[
pu2
d
]pj
(0,d) λ1,
where
A˘ = {u | u1 + u2 = d− i or i, 0 < u1 <
d
2
, 0 < u2 <
d+ 1
2
}.
Proof. It is easy to see that, as a polynomial in y([ d+1
2
],[ d
2
]), the constant term
of H4(y) is∑
(Aj)∈Wk
a−1∏
j=0
∑
τ∈Λj,0
∏
u∈Aj+1\A˜
λ
[
pu1−τ(u)1
d
]
y
[
pu1−τ(u)1
d
]pj
(d,0) λ[ pu2−τ(u)2
d
]
y
[
pu2−τ(u)2
d
]pj
(0,d) λ1,
where Λj,0 is the set of τ in Λj such that
(d{
pu1 − τ(u)1
d
}, d{
pu2 − τ(u)2
d
}) = ([
d+ 1
2
], [
d
2
]), ∀u ∈ Aj+1 \ A˜.
Suppose that τ ∈ Λj,0, and u ∈ Aj+1 \ A˜. Then
τ(u)1 ≡ [
d
2
]− u1(mod d),
and
τ(u)2 ≡ [
d+ 1
2
]− u2(mod d).
Hence
τ(u) = ([
d
2
], [
d+ 1
2
])− u.
It follows that, if Λj,0 6= ∅, then
Aj+1 = A˜ ∪ A˘,
and Λj,0 consists of the unique permutation τ1,0 defined by the formula
τ1,0(u) = ([
d
2
], [
d+ 1
2
])− u, ∀u ∈ A˘.
Therefore, as a polynomial in y([ d+1
2
],[ d
2
]), the constant term of H4(y) is
a−1∏
j=0
∏
u∈A˘
λ[ pu1
d
]y
[
pu1
d
]pj
(d,0) λ[ pu2d ]
y
[
pu2
d
]pj
(0,d) λ1.
The lemma is proved. 
We now prove Proposition 10.4 when k =
∑i−1
j=0 hj + hi,1 with hi,1 6= 0.
Proof of Proposition 10.4 when k =
∑i−1
j=0 hj + hi,1 with hi,1 6= 0. When
k =
∑i−1
j=0 hj + hi,1 with hi,1 6= 0, Proposition 10.4 follows from Proposition
11.11 and the lemmas of this section. 
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13. The Exact Bound Estimation
In this section we prove Theorems 1.19.
Proof of Theorems 1.19. Let f be the generic polynomial of degree d in
n variables with coefficients in the algebraic closure of Fp. By a result of
[Gelfand et al. 1994], we may assume that the leading form of f is smooth.
Let
(πdeg u−degwcu,w)u,w∈{1,2,··· ,d−1}n
be the matrix of φp ◦ Ef on H0 corresponding to the basis represented by
πdegwxw, w ∈ {1, 2, · · · , d− 1}n.
Let k ≤
(d+n−2
n
)
be a horizontal coordinate of vertices of FP(n, d; p). By
the symmetry of the Frobenius polygon and the functional equation of
Lf (s)
(−1)n−1 , it suffices to show that
NP(f)(k) = FP(n, d; p)(k).
By Theorem 8.3, it suffices to show that
q−FP(n,d;p)(k)
∑
S
det(δj,l+1c
σl
u,w)(u,j),(w,l)∈S
is a p-adic unit, where S runs over subsets of {1, 2, · · · , d − 1}n × Z/(a)
of cardinality ak. As in the proof of Theorem 1.16, we may assume that
S = ∪j∈Z/(a)Aj × {j} with |Aj | = k. Then
det(δj,l+1c
σl
u,w)(u,j),(w,l)∈S = ±
∏
j∈Z/(a)
det(cσ
j
u,w)u∈Aj+1,w∈Aj .
So it suffices to show that
q−FP(n,d;p)(k)
∑
(A0,A1,··· ,Aa−1)
a−1∏
j=0
det(cσ
j
u,w)u∈Aj+1,w∈Aj
is a p-adic unit, where (A0, A1, · · · , Aa−1) runs over a-tuples of subsets of
{1, 2, · · · , d− 1}n of cardinality k.
One can show that
ordπ(cu,w) ≥ ⌈deg(pu− w)⌉.
So, by Lemma 6.2, we may assume that each Aj is of degree HP(n, d)(k).
Then one can show that
cu,w ≡ γpu−w (mod π
⌈deg(pu−w)⌉+1), ∀u ∈ Aj+1, w ∈ Aj ,
where the numbers γu’s are defined by the formula
Ef (x) =
∑
u∈Nn
γux
u.
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Therefore it suffices to show that
q−FP(n,d;p)(k)
∑
(A0,A1,··· ,Aa−1)∈Vk
a−1∏
j=0
det(γσ
i
pu−w)u∈Aj+1,w∈Aj
is a p-adic unit.
One can show that
γu ≡ π
⌈deg u⌉
∑
(iw)∈∆(u)
∏
degw≤1
λiwa
iw
w (modπ
⌈deg u⌉+1),
where ∆(u) is defined in Definition 10.1, and the numbers λi’s are defined
by the formula
E(x) =
+∞∑
j=0
λjx
j .
So, by Lemma 6.5, it suffices to show that∑
(A0,A1,··· ,Aa−1)∈Vk
a−1∏
j=0
∑
τ∈S(Aj+1,Aj)
∏
u∈Aj+1
∑
(iw)∈∆(pu−τ(u))
∏
degw≤1
λiwa
iwpj
w
is a p-adic unit. Theorem 1.19 now follows from Theorem 10.5. 
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